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Observation Matrix Design for Densifying MIMO
Channel Estimation via 2D Ice Filling

Zijian Zhang

Abstract—In recent years, densifying multiple-input multiple-
output (MIMO) has attracted much attention from the com-
munication community. Thanks to the subwavelength antenna
spacing, the strong correlations among densifying antennas pro-
vide sufficient prior knowledge about channel state information
(CSID). This inspires the careful design of observation matrices
(e.g., transmit precoders and receive combiners), that exploits the
CSI prior knowledge, to boost channel estimation performance.
Aligned with this vision, this work proposes to jointly design the
combiners and precoders by maximizing the mutual information
between the received pilots and densifying MIMO channels.
A two-dimensional ice-filling (2DIF) algorithm is proposed to
efficiently accomplish this objective. The algorithm is motivated
by the fact that the eigenspace of MIMO channel covariance can
be decoupled into two sub-eigenspaces, which are associated with
the correlations of transmitter antennas and receiver antennas,
respectively. By properly setting the precoder and the combiner
as the eigenvectors from these two sub-eigenspaces, the 2DIF
promises to generate near-optimal observation matrices. More-
over, we further extend the 2DIF method to the popular hybrid
combining systems, where a two-stage 2DIF (TS-2DIF) algorithm
is developed to handle the analog combining circuits realized by
phase shifters. Simulation results demonstrate that, compared
to the state-of-the-art schemes, the proposed 2DIF and TS-2DIF
methods can achieve superior channel estimation accuracy.

Index Terms—Channel estimation, densifying MIMO, dense
array systems (DAS), observation matrix design.

1. INTRODUCTION

N recent years, densifying multiple-input multiple-output
(MIMO) has attracted considerable attention from the wire-
less communication community [2], [3], [4], [5], [6], [7].
Different from the conventional MIMO whose antennas are
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usually spaced of half wavelength \/2, the antenna spac-
ing of densifying MIMO is much smaller, such as \/6 [8],
A/8 [9], A\/10 [10], or even A/23 [11]. By densely arrang-
ing massive subwavelength-spaced antennas in a compact
space, densifying MIMO promises to realize the ultimate con-
trol of the radiated/received electromagnetic waves on lim-
ited apertures. To this end, many dense-antenna transceiver
architectures have emerged, such as holographic MIMO (H-
MIMO) [12], holographic reconfigurable surfaces (RHSs) [3],
continuous-aperture MIMO (CAP-MIMO) [4], superdirective
antenna arrays [5], reconfigurable intelligent surfaces (RISs)
[13], and fluid antenna systems (FASs) [7]. Particularly, in high-
frequency (e.g., millimeter-wave or terahertz) communications,
densifying MIMO systems are common due to their shorter
wavelengths, reduced grating lobes, and enhanced beamform-
ing precision [2]. Utilizing the extensive channel observations
facilitated by a multitude of antennas, densifying MIMO is
anticipated to achieve significant array gains and multiplexing-
diversity gains [14], [15], [16], [17]. Furthermore, densifying
MIMO can mitigate the effects of grating lobes and offer en-
hanced performance for large oblique angles of incidence [18].
Some studies have also highlighted their capabilities to realize
super-directivity [5], [19] or super-bandwidth [20] in wireless
transmissions.

Enabled by their phase shifters and radio frequency (RF)
chains, the transmission performance of MIMO is determined
by the constructive precoders/combiners at transceivers [21].
To implement effective precoding/combining, an indispensable
technology for MIMO systems is the acquisition of channel
state information (CSI) [22], [23]. To date, numerous technolo-
gies have been proposed to estimate the channels of classical
MIMO systems. For example, when the available pilot length
exceeds the number of antennas, some classical estimators [24],
such as the least square (LS) estimator and the minimum mean
square error (MMSE) estimator, can be used to recover MIMO
channels in a non-parametric way. By exploiting the channel
sparsity in the angular domain, compressed sensing (CS)-based
channel estimators can enhance the estimation accuracy and
reduce the pilot overhead [25], [26]. Relevant techniques in-
clude the orthogonal matching pursuit (OMP)-based estima-
tor [27] and the approximate message passing (AMP)-based
estimator [25], [28]. Additionally, some deep learning (DL)
approaches, which involve training neural networks based on
channel datasets, are utilized to realize data-driven channel
estimation in MIMO systems [29], [30], [31].
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Although many channel estimators in the literature can be
adopted in densifying MIMO systems, they often exhibit a non-
negligible performance gap compared to the optimal estimator
[24]. This is because most existing estimators overlook the
strong correlations among densifying MIMO antennas. Specif-
ically, since the antenna spacing of densifying MIMO is very
small, the channels associated with close-by antennas are spa-
tially similar [17]. Besides, the circuit mutual coupling induces
signal interactions between adjacent antennas, which will influ-
ence the channel correlation in densifying MIMO systems [8],
[9], [10], [11], [32]. These facts lead to the highly structured
covariance matrices of densifying MIMO channels. Existing
works have revealed that, such an informative covariance ma-
trix can provide appreciable prior knowledge for the specific
design of observation matrices (e.g., combiners and precoders)
in channel estimation, thus significantly improving the accuracy
of CSI acquisition [33], [34], [35].

To exploit the strong channel correlations for improved CSI
acquisition, our prior work [36] proposes an ice filling (IF)
based observation matrix design in dense array systems, which
is inspired by the idea of Gaussian Process Regression (GPR).
By maximizing the mutual information (MI) between the re-
ceived pilot and wireless channel, which is characterized by
the channel covariance matrix, the IF algorithm can sequen-
tially produce the observation vectors of receivers in a pilot-by-
pilot manner. Through optimizing pilot allocation to the chan-
nel covariance eigenvectors, this method works like filling ice
blocks onto different orthogonal channels. Then, the designed
observation matrix is shown to have near-optimal channel es-
timation performance in DASs, which achieves much higher
estimation accuracy compared to the state-of-the-art schemes
[36]. Nevertheless, despite its ability to exploit the channel
covariance, IF method is only feasible to design the vector-
form receive combiner in single-input multiple-output (SIMO)
system with a single-antenna transmitter and a single-RF-chain
receiver [36]. For a general densifying MIMO system with
multiple antennas and multiple RF chains at both transceivers,
the receive and transmit channel covariance pair, as well
as the matrix-form receive combiner and transmit precoder
pair are coupled together. As the IF scheme fails to tackle
these couplings, it is far from optimal for desifying MIMO. To
the best of our knowledge, the full exploitation of densifying
MIMO’s channel covariance for designing observation matrices
is still an unaddressed challenge.

To fill in this gap, this work generalizes the IF scheme to a
two-dimensional ice filling (2DIF) scheme, whose core idea is
to design precoders and combiners by decoupling the coupled
channel covariance matrices in their eigenspace. Our key con-
tributions and findings are summarized as follows.

e Generalized framework of observation matrix design:
Inspired by the IF algorithm, we apply the technique of
GPR into densifying MIMO channel estimation. Our key
idea is to maximize the MI between the received pilots
and the MIMO channel by jointly optimizing the receive
combiners and transmit precoders. The formulated ob-
servation matrix design problem is shown to be a gen-
eralization of that discussed in IF [36] because of the
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consideration of practical MIMO systems with multi-RF-
chain receivers. To be specific, the receiver-side channel
covariance considered by IF is generalized to a MIMO
channel covariance, which relies on the correlations at both
sides of the transceivers. Moreover, the observation matrix
is no longer a vector-form combiner, but the Kronecker
product of the matrix-form combiner and precoder. These
properties fundamentally distinguish our design from the
IF scheme.

e 2DIF based observation matrix design: To overcome
the design challenges imposed by the coupling of matrix-
form combiners and precoders in observation matrices, a
2DIF based observation matrix design is developed. The
proposed design employs a greedy method to jointly pro-
duce the combiners and precoders in a block-by-block
way. Concretely, we first prove that the eigenspace of
the channel covariance can be decoupled into two sub-
eigenspaces, which are associated with the correlations of
transmitter antennas and receiver antennas, respectively.
Then, utilizing the eigenspace invariance, we show that
the near-optimal observation matrix can be obtained by
properly setting the precoder and the combiner as the
eigenvectors from these two sub-eigenspaces, which can
be realized by a linear search algorithm. Besides, we also
provide an intuitive and insightful explanation for 2DIF to
clarify its physical significance. Similar to the water-filling
precoding which maximizes the MIMO capacity, the im-
plementation of 2DIF can be viewed as a two-dimensional
ice-filling process.

e TS-2DIF based observation matrix design: The pro-
posed 2DIF method requires that the amplitude of each re-
ceiver antenna can be controlled independently. However,
for many hybrid MIMO structures, only the phase shifts of
analog combiners can be reconfigured, thus the proposed
2DIF cannot be directly adopted in these scenarios. To
address this issue, we propose the two-stage 2DIF (TS-
2DIF) method. Different from the exiting works on hybrid
MIMO beamforming that precoders and combiners can be
designed independently, in our considered observation ma-
trix design, the beamformer and the combiner are coupled
due to a Kronecker-product structure. To overcome this
challenge, the proposed TS-2DIF alternately optimizes the
analog combiner, the digital combiner, and the precoder at
the transceivers to approach the ideal observation matrix.

The rest of this paper is organized as follows. In Section II,

the system model and problem formulation are introduced. In
Section III, the proposed 2DIF based observation matrix design
for channel estimation is illustrated. In Section IV, the pro-
posed TS-2DIF based observation matrix design is provided.
In Section V, the computational complexities of the proposed
methods are analyzed, and the kernel selection is discussed. In
Section VI, simulations are carried out to verify the effective-
ness of the proposed schemes. In Section VII, conclusions are
drawn.

Notation: []*, [], []*, and []~! denote the transpose,

conjugate-transpose, conjugate, and inverse operations, respec-
tively; || - || denotes the lo-norm operation; || - || denotes the
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Frobenius-norm operation; z(¢) denotes the i-th entry of vector
z; Z(i,7), Z(j,:) and Z(:,7) denote the (i,j)-th entry, the
j-th row, and the j-th column of matrix Z, respectively; Tr(-)
denotes the trace of its argument; diag(-) and blkdiag(-) are
the diagonal and the block-diagonal operations, respectively;
E () is the expectation operator; :{-} denotes the real part of
the argument; In(-) denotes the natural logarithm of its argu-
ment; CA (p,X) denotes the complex Gaussian distribution
with mean p and covariance X; U (a, b) denotes the uniform
distribution between a and b; I, is an L x L identity matrix;
1, is an all-one vector or matrix with dimension L; and Oy, is
a zero vector or matrix with dimension L.

II. SYSTEM MODEL AND PROBLEM FORMULATION
A. Transceiver Model

This paper considers the uplink channel estimation of a densi-
fying MIMO system, consisting of an Ng-antenna base station
(BS) equipped with Ngr RF chains and an Nr-antenna user.
The antennas at transceivers are densely arranged with sub-
wavelength antenna spacing d. We define H € CVrRXNT a5 the
wireless channel and () as the number of transmit pilots within
a coherence-time frame. The received signal y, € CN*F at the
BS in timeslot ¢ is modeled as

Y¢= Wvaqsq + szq

= (v @ WH) hs, + Wiz, (1

where h = vec(H) is defined as the vectorized channel matrix,
s the pilot symbol, and z, ~ CN (0y7,0°Iy;) is the additive
white Gaussian noise (AWGN). Vector v, € CNT denotes the
precoder at the user. For the transmitter, the user equipment
typically employs a fully digital precoder with a moderate
number of antennas, Np. Thereby, the coefficient of v, can
be freely configured as long as the power constraint is sat-
isfied: [|v,||> = P, with P the per-pilot transmit power. For
the receiver, W, := A /D, € CNrXNEF g the hybrid combiner
at the BS, with A, € CNeXNrF gpd D, € CNrr X Nrp being
the analog and digital combiners, respectively. As presented in
Fig. 1, we focus on two typical implementations of the ana-
log combiners: the amplitude-and-phase controllable combiner
and the phase-only controllable combiner. The former deploys
one phase shifter and one low-noise-amplifier (LNA) between
each antenna-to-RF chain link. In this architecture, both the
amplitude and phase of the elements of A, are adjustable, and
thus the coefficients of W, can be freely controlled. The latter,
however, employs one phase shifter to connect each antenna-to-
RF chain link, while the signals aggregated on each RF chain
are jointly processed by a global LNA. In this context, only
the phases of A, are adjustable, which imposes a structural
constraint on the feasible set of W, = A D,.

Without loss of generality, we assume s,=1,Yq€

{1,---,Q}. Considering the total @ timeslots for pilot
transmission, we arrive at
y=X"h+z, )

where y = [y'{’ T 7Y£]T’ Z = I:Z{{Wh e 7ZgWQ:|H,
X =[Xy, - ,Xg], and X;:=v; ® W, is defined as the
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Fig. 1. An illustration of hybrid analog and digital MIMO architectures,
where the analog combiner of BS can adopt either: (a) the amplitude-and-
phase controllable structure; or (b) the phase-only controllable structure.

observation matrix for each pilot. This paper aims at accurately
estimating h from y by jointly designing combiners {Wq}qQ:1
and precoders {vq}(?zl.

B. Channel Model

We consider the general correlated Rayleigh-fading chan-
nel model, which simultaneously takes the spatial correlation,
spherical wavefront, and electromagnetic mutual coupling into
account. Following this well-known model [37], [38], [39], the
channel H between the BS and the user is expressed as:

H = C!/’R}/*HyR./*C/?

X tx

3)

where R, € CV2*Vr and Ry, € CNTXNT gre the spatial cor-
relation matrices at the BS and the user, respectively; C,x €
CNrXNr and Cy, € CNTXNT characterize the electromagnetic
mutual coupling among the BS antennas and the user antennas,
respectively; and Hj;q is a complex Gaussian matrix in which
each elements are i.i.d with zero mean and unit variance. This
channel model is widely recognized by the studies on correlated
MIMO channels, also adopted by commercial channel simula-
tors, such as Matlab Antenna toolbox [40].

Example 1 (Example of settings): Note that, the settings of
R.x, Rix, Cix, and Ci, depend on the specific transmission
scenarios in practice. As a typical example, the (m, n)-th entry
of R, is usually modeled as [12], [15], [41]:

™

R, (m,n) = / " fu(ip, 0) RO ) dgd, (4
-2

where ¢ and 6 denote the azimuth angle and elevation
angle of incident signals, respectively; fix(p,0) is
the scenario-dependent spatial-scattering function,
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which describes the angular multipath distribution and
the directivity gain of receiver antennas in practice;
k(p,0) := 2= (cos 0 cos ¢, cos Osin p,sin0)” is the wave
vector with \ being the wavelength; and r,, € R? is the
location of the m-th receiver antenna. To characterize the

mutual coupling, C, is modeled as [37], [42]:
Cix = (Zox + RixI) 1, )

where Z,. is the mutual impedance matrix and R, >0 is
the dissipation resistance of antennas. Given the specific array
parameters, Z., and R,y can be calculated by the well-known
induced electromagnetic fields (EMF) method [43]. Similar
settings can be adopted to generate Ry and Ciqy.

C. Problem Formulation

As antennas of densifying MIMO are packed within a small
area, the channels across close-by antennas are strongly corre-
lated. Define the covariance of vectorized channel h = vec(H)
as E (hhH) =3, € CNrNTXNeNT " which is also called the
kernel of channel. The high-correlation property of wireless
channel indicates that the kernel ¥y, can provide prior knowl-
edge to achieve accurate channel estimation [44], [45], [46],
[47]. To this end, we follow the idea of GPR to design the
estimator and the observation matrix. According to the model
in (3), the channel is sampled from the Gaussian process
CN (Ony Ny, Xn). The joint probability distribution of h and
y then satisfies

h ONRNT Zh
b ~ev (o] [ s,

where = = o?blkdiag (W{{Wh e ,WgWQ) represents
the covariance matrix of the noise z. Then, the posterior mean
and the posterior covariance of h are expressed as

YuX
XAy, X + =2 ’
(6)

—_ —1
oy = ShX(X72,X +8) y, O
Shy = S - ShX (XIS X +8) XIS, ©®)

The posterior mean py,, is exactly the adopted channel es-
timator, which is equivalent to the linear MMSE (LMMSE)
estimator. Besides, the posterior covariance Xy, character-
izes the estimation error, which is largely dependent on the
observation matrix X. This dependence indicates that well-
designed combiners and precoders, {Wq}ff:l and {vq}qul,
can substantially reduce the channel estimation error. Motivated
by this fact, GPR attempts to produce the observation matrices
to gain as much information of h as possible from the received
signal y. Henceforth, our objective is to find {Wq}qQ:1 and
{vq}?:1 that maximize the MI' between y and h, which is
formulated as:

I(y;h) =logdet (Iny.q + 2 ' X¥3,X).
©))

max
WeW, |lvqlI?P=P

! According to the information-theoretic properties [48], the maximization
of MI is asymptotically the minimization of Cramer-Rao bound.
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where WV stands for the feasible set of hybrid combiners de-
pending on the receiver hardware. In the subsequent sections,
we will first elaborate on the observation matrix design while
considering the amplitude-and-phase controllable analog com-
biners in Section III. Then, our design will be extended to the
case of phase-only controllable analog combiners in Section I'V.

III. PROPOSED TWO-DIMENSIONAL ICE FILLING (2DIF)
BASED OBSERVATION MATRIX DESIGN

In this section, we consider the ideal case when the ampli-
tudes and phases of all precoder and combiner coefficients are
adjustable, as shown in Fig. 1(a). In this context, {Wq}qQ:1 can
be freely configured and {vq}?:1 should satisfy the transmit

power constraints ||qu2 =Pforallge{l,---,Q}.

A. Precoder/Combiner Design Using Greedy Method

Observing problem (9), one can find that the MI I(y;h)
is non-concave with respect to (w.r.t) the overall observa-
tion matrix X. Besides, due to the coupled term vqT ® Wf
in X and the colored-noise covariance matrix = introduced
by combiners {Wq}qul, the global optimal solution to (9)
is hard to obtain. To address this issue, we adopt a greedy
method to generate {VVq}qQ:1 and {vq}?:1 in a pilot-by-
pilot manner. Specifically, we define X; = [X1, Xq, -+, X{]
as the overall observation matrix for timeslots 1 ~ ¢, where
t<Q. Let ¥, =X7h+7; denote the corresponding re-
ceived signal, wherein ¥, =[y?,y2, .-, yf]?T and Z :=
("W, .-+ ,zfW,]". Given the current observation matri-
ces {W,}/_, and vectors {v,}!_, in the first ¢ timeslots,
our greedy strategy aims to find the combiner W, and the
precoder v,y in the next timeslot, which maximize the MI
increment from timeslot ¢ to ¢ + 1:

Al = I(Fe41:h) — I(y4:h).

max
Wii1,vit1

(10)

For clarity, we summarize the proposed design strategy in Algo-
rithm 1, and the sequential designs of {Wq}qQ:1 and {vq}qQ:1
are illustrated as follows.

1) When t =1: For ease of understanding, we begin with
handling the first timeslot, i.e., ¢ = 1. In this context, problem
(10) can be rewritten as

max  I(yi;h) (11)
Ivil>=P, W1
where the mutual information I(yy;h) is given by
1 -1
[(yl; h) = log det (INRF + ? (Wflwl)
x (vi @ W{T) zh(vmwl)). (12)

Since the reformulated problem (11) is still intricate, we seek
to simplify it using the following lemmas.

Lemma 1: For the correlated Rayleigh-fading model in (3),
the covariance of the vectored channel X}, can be rewritten as
the form of a Kronecker product of two kernels, i.e.,

Yh =7 ® YR, 13)
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Algorithm 1 2DIF Based Combiner and Precoder Design

Input: Number of pilots @, kernel Xy,.

Output: Des1gned precoders {voPt}
{Wery

1: Rewrite kernel as X = X7 ® X

2: Find the eigenvectors [aj,as,: - -

and combiners

,an,] and the corre-

sponding eigenvalues [ay, g, -+, any] of g
3: Find the eigenvectors [by,bso, - ,by,]| and the corre-
sponding eigenvalues [1, B2, - - , Ony] of Ty
4: Initialize: A 1A gy A N =
[alﬁh alﬁ% T 7aNT6NR}
5. fort=0,--- ,Q—ldo
Find the optimal n5"* and {n‘)pt NEF via Algorithm 2
7: Eigenvector—assignment. Vil = \F Pa*,,, and WP =
'IT.T

[bnopt P b opt ]
R,1 R.NRp
8:  Eigenvalue-update for all np € {1,---
{1,---,Np} via

, Nt} and ng €

2

(e
np,ng opt y Nrr
o A\HL )P L o ny=ny’ " & nRe{an k=1
. nT,nr
o A else
0 d f B .
10: end for

11: return Designed precoders {VOPt}Q

{ngt}qQ: for channel estimation.

1 and combiners

T *
Bri=(Ci) Ri(Cy) e CNrxie

i and

where

YR = C%erx(CMZ) € CNrXNr characterize the channel
correlation among transmit antennas and that among receive
antennas, respectively.
Proof: (See Appendix A). |
Lemma 2: Introducing the orthogonality constraints
WHW, =1y, forallge {1, --,Q} does not influence the
optimal value of MI I(y;h) in (9).
Proof: (See Appendix B). |
Utilizing Lemma 1 and Lemma 2, problem (11) can be
equivalently rewritten as

Tz *
max I(y1;h) = log det <INRF + U= ERwl)
1 g

Vi,
st |vi)® =P,

WIW, = Iy, (14)

where the reorganized objective function I(y;;h) is ob-
tained by substituting ¥j = X1 ® 3 and W{{ Wi =1In.,
into (11). Observing (14), one can prove with ease that
the optimal vi is the eigenvector of Xt associated with
its largest eigenvalue, and the optimal W is composed of
the eigenvectors of Xy associated with its top Nrp eigen-
values. Define the eigenvalue decompositions (EVDs) X1 =
UTATU¥ and X = URARUf{ , wherein the eigenvalues in
Ar =diag (a1, -+ ,an,) and Ag =diag (B1, -, By ) are
arranged in descending order. In this way, the maximum MI in
(14) can be derived as

P aq Bn >’ (1 5)

max I(yi;h
v, Wy ’

Nrr
Z log, (

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 74, 2026

and its achievable solution are expressed as

=VPUL (5,1

opt

1) and W = Ug (;,[1,--- , Nrr]).

(16)

Equation (16) can be viewed as the optimal initialization set-
tings for our proposed observation matrix design.

2) From t to t + 1: Given the optimized precoder v; and
combiner W at timeslot ¢ =1, we then consider designing
{vq}qQ:2 and {Wq}q("?:2 in a sequential manner. By invoking
the principle of recursion, we only need to address the design
({)2 plie;code;‘ :t+1 an(;i f:or;lbinerdw,ér 1ﬂ\ivit;1/[ 1tI;i.ven {th}zzlj and

qfq=1- As proved in Appendix C, the MI increment, Al 1,
can be equivalently rewritten as

1
Al =log, det (INRF + szfilztxtﬂ) ) a7

wherein X1 :=v},; ® Wy refers to the Kronecker-
constrained observation matrix, and

— — — i

2 =% - S X (X Z0X + 0%Ingt) X7 Zn (18)

is the posterior kernel of channel h given the observation ;.

In particular, we have X, := 3},. Utilizing Lemma 1 and

Lemma 2, the optimal precoder v, and combiner W at
the (¢ + 1)-th timeslot can be obtained by solving

max

1 7 H
L, nax ;(Vt+1®Wt+1)Et(V?+1®Wt+1))
t+1, t+1

log det (INR,F +

st. ||vee1]? = P,

W Wi =TIy, (19)
Note that, in problem (14), the kernel 3y, is decoupled into
31 ® YR such that vy and W can be obtained by selecting the
appropriate eigenvectors of X1 and Xy as in (16). We attempt
the similar idea to solve for v ; and W ;. To this end, we first
define the EVD: ¥, = U;A, U¥ where U, € CNtNexNtNe
Notice that the constraints ||v,41]|* = P and WA W, =
In,,. make the overall matrix observation X, orthogonal,
i.e., XEHXtH = PIgp. If we temporarily omit the Kronecker
constraint X; 11 =v;,; ® Wy, 1 and try to solve (19) by con-
sidering the orthogonal constraint X{% X, 1 = PIgp only, it
becomes evident that the global optimal solution to (19) is
X;41=+VPU,(;,[1,---, Ngr]). Motivated by this discovery,
a natural question arises: when the Kronecker constraint holds,
is it possible to set X1 as the principal eigenvectors of 3 by
properly designing vy, and W1 1? Addressing this question
is crucial for generating near-optimal observation matrices. We
would like to investigate it by analyzing the impacts and feasi-
bility of setting X, as the principal eigenvectors of ;.

i) Influence of setting X1 as the principal eigenvectors
of 3. Before evaluating the feasibility of setting X;;; =
VPU, (:,[1,--- , Ngr]), we first need to exploit its influence
on the evolution rule of the posterior kernel 3;, ;. The follow-
ing lemma characterizes the relationship between 3,1 and 3;.

Lemma 3: Let A, (-) denote the n-th largest eigenvalue
of the matrix in its argument, e.g., A, (X:) = A; (n,n) for

Authorized licensed use limited to: LNM Institute of Information Technology. Downloaded on June 28,2026 at 08:07:53 UTC from IEEE Xplore. Restrictions apply.



ZHANG AND CUI: OBSERVATION MATRIX DESIGN FOR DENSIFYING MIMO

2, =U AU If X;0 1 = VPU, (;,[1,--- , Ngr]), then the
EVD of 3, can be derived from ¥; = UtAth{ by

1(Et) )\2(2)0’2
(Et)—‘rO'Q’PAQ( )+0_2,~~.’
2

)‘NR.F+1 (Et) 7)\NRF+2 (Et) )

Y= Utdiag(

)\NRF (Et)
PANge (B¢) + 0%

) /\NRNT (zt) ) Uf

(20)

Proof: (See Appendix D). |
Lemma 3 reveals that, when X1 =
VPU, (:,[1,--- , Ngr|), the posterior covariance matrix
3;+1 shares the same eigenvector space, Uy, as 3;. The only
difference on their EVDs is that the Nyp-largest eigenvalues

(E)0? Ngrr
of 3y, ie., {An(3)} o1, are replaced by {m}
in 3;;;. Considering the generality of ¢, we can concﬁlde
that, the eigenvectors of channel covariance 3, := 3y, are
preserved by all subsequent posterior kernels 3, 3o, - - -, and
3 g—1. In other words, the only difference among Uy, Uy,

-, Ug_1 is their column arrangement orders.

ii) Feasibility of setting X, 1 as the principal eigenvectors
of 3. Given the eigenvector-preserving property in Lemma 3,
the feasibility of setting X, ; as the principal eigenvectors of
33, lies in the feasibility of setting X, as the eigenvectors of
39 = 3. To assess this feasibility, we examine the structure
of the eigenspace of 3j, below.

Corollary 1: The EVD of the prior covariance Xy can be
written as

S =UgA U
= (Ur® Ur) (Ar®Ag) (UF @ UY)
Onhogonal matrix Eigenvalue matrix

Nt
=y Z Qg Brx, (e ® b ) (afl, @ bIL), (21

nr= lnR 1

where a,,. := Ur (:, nr) denotes the ny-th eigenvector of Xp
and b,,, := Ug (:, ng ) denotes the ny-th elgenvector of Xr.In
particular, {ay,pBny }n;’zj\lfﬁm:l and {a,, ® bnR}nTT Aﬁm 1
are the eigenvalues and the corresponding eigenvectors of Xy,
respectively.
Proof: (See Appendix E). |
Recalling that X; 1 := v, ; ® Wy 1, we find that the ana-
lytical form of X, perfectly matches that of the eigenvectors
of 3y, ie., {a,, @by, n;]\ﬁm 1~ This encouraging fact
inspires us that, the desired optimal X, to solve (19) can be
achieved by setting v;1; and Wy, to the appropriate eigen-

vectors from {f anT} " and {b 30

We provide an example o éhow the implementation process.
Firstly, to achieve X; =+/PUy (;,[1,---, Ngr]) at times-
lot t =1, we can set v; =+/Pa’ = \/IiDUi‘F (:,1) and W, =
[b1,ba, -+ ,bnuy] =Ur (:,[1,---, Ngrr]), which coincides
with the optimal solution in (16). Note that, according to
Lemma 3, this process does not changes the eigenvectors of

nn—1- Tespectively.
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3, .2 In this context, the desired X5 = v PU; (5 [1, , Nrr])
at timeslot ¢ = 2 can also be achieved by carefully selecting vy
N
and W5 from {\/ﬁaj‘w} ’
which does not influence the e_igenvectors of 35. Analogously,
all our desired {Xq}qQ:1 can be obtained by this successive
process. As a result, the problem is transformed into: How fo

select appropriate eigenvectors such that the objective function
in problem (19) is maximized?

and {bnR}ﬁg‘:l respectively,
1

B. Eigenvector Selection

In this subsection, the problem of eigenvector selection is
investigated. Accordln% to Lemma 3 and Corollary 1, all
posterior kernels {3, },° ;~ can be rewritten as the form of

= Uodiag (>\1 15 >\1 25" 7)‘§VT,NR) Uéf

Nt
=> Z Ao (8ne @) (a2 @b ), (22)

nr= 1'(7.R 1

where )\fLT ng 18 the (nT,ngr)-th eigenvalue of 3; associ-

ated with the eigenvector a,,,. ® b, . In particular, /\nT nn =

iy B » and its update from ¢ to ¢ + 1 is expressed by
/\f

nrT, nR .
t+1 ) m>o—————, a;,_ ® b, isselected
A ong = PA;LT w027 0T " T (23)
nT ) else.

Based on the above derivation, we prove the following lemma
to further simplify the original problem 1\(1 19):
Lemma 4: When v;41 € {\Fa* } !

nr=1
of Wy, are belonging to {bnR} _,, the original problem
(19) can be transformed into an elgenvector selection problem,
written as

and the columns

NRF P)\nT NR,k
Z logy | 14 ———%

max
N
nT,{nR,k }kEIF

s.t. TLTG{].,---,NT},
NR,k S {13 7NR}7VI€7
nRk # Nrk, VE £ K (24)
Proof: (See Appendix F). |

Problem (24) aims to find one eigenvector index n, on
the transmltter side and Npyp different eigenvector indices
{nrp )" o7 on the receiver side, such that the selected eigenval-
ues {\l, ... iv B can maximize the objective (24). A linear
search algorithm is proposed to solve (24) optimally, as sum-
marized in Algorithm 2. The key idea is to fix an nT and then
find NRF—largest values from {\! Nr_ o calculate the

nr, nR}nRzl
objective S°M® et logo(1+ PA, 0 /o 2). After traversing all
nt € {1,

NT} the optimal nopt and {n%pz MEF can be
obtained from the indices of the maximum objective. Finally,
the desired precoder and combiner are thereby expressed as
t ¢
ViR = VP and WiE) = b,

D | 29)

2Thus, U; and Ug:= Uy ® Ug share the same columns, but their
column arrangement orders may be different due to the eigenvalue updates.
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Algorithm 2 Linear Search for Eigenvalue Selection

Input: Eigenvalues {)\nT . },I:ITT’:A{,F‘hRﬂ

Output: Optunal eigenvalue indices nS°* and {n
10g2(1 + )‘nT nR,k /J )

in timeslot ¢.
opt \ Nrg
gk fr—1 that

maximize 7 ¢ o

t t t

1: Initialize 1ndexes. nt' =1 and [ng’), -, ng n) =
[17 e aNRF]-

2: Initialize the maximum objective: Comax =
SoRET 1085 (1 PAL s o /%)

3: forny =1, - NT do

4:  Find the NRF largest values from {\!, nR}fY;::l, and
then denote their second indexes as {ng j } 2 °F
s i Y0 logy (14 PAL, . /0%) > Guax then
6: Update the optimal indexes by no?*=ny and
t t

[n?{pl’ T (F){I?NRF] = [nR,17 T ’nR7NRF]

7: Update the maximum objective: Cmax =
ZNRF 10g2(1 + P>‘t Opf opf /0 )

8: end if

9: end for

opt opt \ Nrr
10: return Optimal " and {ng’; } 7.

respectively, which generate a feasible observation matrix
XoPt = viPt " @ WPt at timeslot £ + 1. One can verify with-
out difficulty that the initialized precoder and combiner ob-
tained in (16) are a special case of (25) when ¢ = 0.

To summarize, the eigenvalue updating rule in (23), as well
as the eigenvector selection method stated in Algorithm 2 and

(25), allow us to calculate all observation matrices.

C. Insightful Interpretation to 2DIF

In this subsection, we provide insightful explanations to the
proposed 2DIF algorithm to clarify its physical significance.
At first, the relationship between the well-known water-filling
method and the proposed 2DIF method is discussed. Then, the
superiority of the proposed 2DIF method over the existing IF
method [36] is illustrated.

1) Ideal Water-Filling: To better understand the proposed
observation matrix design, we first interpret problem (9) from
the view of water-filling. Specifically, the orthogonal prop-
erty of W, proved in Lemma 2 allows us to replace the
noise covariance matrix Z in (9) by 021y, Without affecting
the optimal I(y;h). Then, by further relaxing the constraints
WIW, =1y, and |v,||* = P, we focus only on the total
power constraint imposed on the overall observation matrix X,
ie., Tr (XXH ) = PNgpQ. In this case, the optimal value of
problem (9) is shown to have an upper bound:

max log, det (INRFQ + XHE X)

s.t. Tr (XXH) = PNgpQ. (26)
Notably, this upper bound is equivalent to the channel capac-

ity of a point-to-point MIMO system equipped with Nt Ng
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transmit antennas and Ngpr() receive antennas. Thereafter, the
overall observation matrix can be optimally solved as?

Xieal — Uy (;,[1,- -, NrpQ]) P (27)

where P = diag (‘ /DLy s /pNRFQ) is the power allocation
matrix. The power allocated to the n-th eigenvector is deter-
0'2 +
)\n (Eh) ) ’
where the water-level 3 is adjusted to satisfy the total power
. i ~ N
constraint Tr (X'deal(Xideal)H) — ZHL‘TQ pn = PNRrpQ.
Although the ideal observation matrix Xideal that max-
imizes the upper bound (26), might not be implementable
in practice (as X'4°*! may violate the constraints Wl W, =
Ing, and |[v,]|? = P), it can give us two pivotal 1ntu1t10ns
First, the observation matrix should align with the eigenspace
{an, @ bny }ivf;q?nazl of the full MIMO channel covariance,
3h = X7 ® XR. Second, we need to fill in more power (water)

to the eigenvectors having larger eigenvalues {)\n(Eh)}ggQ
NrrQ

mined by the water-filling principle, i.e., p,, = ( 8 —

(or equivalently lower base levels {%

2) 2DIF Versus Water-Filling: The proposed 2DIF algo-
rithm materializes the above two intuitions under the practical
constraints W W, = Iy, and [|v,||* = P via the eigenvec-
tor selection process in (24). The first intuition is automat-
ically achieved by assigning v,y; with a eigenvector from
{VP. anT}nT , and assigning the columns of Wy with dif-
ferent eigenvectors from {bnR}nR 1> as proved in Lemma 4.
The second intuition is approximately accomplished via se-

. . 2
lecting eigenvectors that have lower base levels, {ﬁ},
by more times. This is attributed to the fact that the max-

imization of (24) tends to select an eigenvalue combination
Nrr

2
AL N 7 that has the lowest { S on average.

NT;NR, k nLNR K k=1
To see this approximation more clearly, we rewrite the updating
rule of the selected eigenvalue in (23) as

02 0'2
A Y; LN (28)
nT,n nT,MR

Height of an ice block

Updated ice-level ~ Current ice-level

Equation (28) reveals that every trme the eigenvector a,, ®
b, is selected, the value of /\ti increases by P. Similar
to the water-filling process, the process described by (28) can
be vividly interpreted as allocating an ice block hav1ng P unit
power to the (nT, ng)-th orthogonal channel, where is

nR

hp g
viewed as the ice level in the ¢-th timeslot. To summarr%e due

to the consideration of Ngr RF chains and N1t x Ng MIMO

systems, in each timeslot, the 2DIF first selects Ny orthogonal
RF
. . 2
channels, which have the deepest ice-levels {/\," on
—

average, from the total N7 x Ng channels. Then, the 2DIF erl
fill Nrp ice blocks (i.e., Nrp pilots) of height P onto them.
As illustrated in Fig. 2(a), after () timeslots, the final ice-levels
of all channels can have a similar height with the water-level,
3, determined by the water-filling principle. In this case, the
second intuition is approximately achieved.

3For ease of discussion, we assume that Ngp@ is smaller than the rank
of channel covariance, 3y,.
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()

The number of pilots
and RF chains:

2DIF

For the 15¢ pilot:

For the 15¢ pilot: For the 2™ pilot:  For the 2@ pilot:
Select eigenvalues  Update eigenvalues Select eigenvalues  Update eigenvalues Select eigenvalues ~ Update eigenvalues Select eigenvalues  Update eigenvalues

For the 37 pilot: For the 37 pilot: ~ For the 4/ pilot:  For the 4" pilot:

to maximize (23). by equation (22).  to maximize (23). by equation (22).  to maximize (23). by equation (22).  to maximize (23). by equation (22).

Fig. 2. (a) Shows how the pilot allocation of the proposed 2DIF algorithm works to maximize the MI. (b) Provides an example to show the implementation

process of the proposed 2DIF, where Ng =5, N7 = 3, Ngr = 3, P =2, and Q = 4. The number within the (nT, ng)-th square is the ice-level

Example 2 (Example for Executing 2DIF): We present an
example to show the growth of ice-level in Fig. 2(b). Here,
we set Ng =5, Nt =3, Ngp =3, P=2, and Q =4. The
number gable in Fig. 2(b) records all ice-levels in each timeslot,
ie., w>— forny € {1,2,3} and ngr € {1,2,3,4,5}. Foreach
pilot, T\L;éng%lect 3 deepest ice-levels, that maximize (24), within
one column of the number table, i.e., {1.1,1.2,1.8} for the 15
pilot, {3.1,1.9,2.1} for the 2" pilot, {3.0,2.5, 2.1} for the 34
pilot, and {2.5, 3.2, 3.3} for the 4" pilot. Then, every selected
ice-level is increased by P = 2 for eigenvalue update, i.e., ice-
filling, and the corresponding eigenvectors are assigned to the
precoders, v;, and combiners, W;. As a result, the ice-levels
gradually grow and can finally approximate the ideal water-
level, which is calculated as 5 = 4.31.

3) 2DIF Versus IF: We now comprehensively compare the
proposed 2DIF algorithm with the IF algorithm devised in our
prior work [36]. In a nutshell, the IF algorithm is a special
case of 2DIF algorithm, when Ny =1, Ngp =1, and P = 1.
Specifically, the IF algorithm is tailored to the channel estima-
tion scenario of a single-antenna transmitter with unit transmit
power and a multi-antenna receiver with single RF chain. It
only exploits the eigenvalue selection and updating rules of the
receive kernel 3y to design combiners. Attributed to the gen-
eral design in this paper, our proposed 2DIF has the following
two advantages over IF.

e Utilizing the correlation at transmitter: The pro-

posed 2DIF algorithm reveals the eigenvalue/eigenspace

o2

3 .
A"T JMR

evolution mode of the full MIMO channel kernel, X1 ®
3ig. It enables the joint precoder and combiner design
to simultaneously exploit both the transmit and receive
channel covariance. The IF algorithm, however, lacks the
exploitation of the channel covariance at the transmitter.
Thereby, the proposed 2DIF algorithm enjoys a better
channel estimation performance.

Utilizing multi-RF-chain observations: The IF algo-
rithm is not suitable to multi-RF-chain receivers. Specifi-
cally, IF algorithm can only produce one combiner vec-
tor w; € CV=¥1 in each timeslot ¢ via the eigenvector-
selection process. Thus, it is possible that the com-
biners w; and w;;; designed in two adjacent times-
lots are selected as the same eigenvector. At this mo-
ment, if w; and wyy; are used in the same timeslot
q in a multi-RF-chain receiver, they will lead to dupli-
cate observations: w{' (Hv, +z,) = wil (Hv, + z,).
These make no contribution to the channel estimation
accuracy. In contrast, the proposed 2DIF algorithm ef-
ficiently circumvents this issue by simultaneously pro-
ducing all Ngp combiner vectors, i.e., W; € CNrxNrr
in each timeslot. The orthogonal constraint W W, =1
ensures that the columns of W, are selected as different
eigenvectors {bnR’k}’i\’:l. This fact guarantees the dis-
crepancy of the observed channel information by each
RF chain, contributing to improved channel estimation
accuracy.
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IV. PROPOSED TWO-STAGE 2DIF (TS-2DIF) BASED
OBSERVATION MATRIX DESIGN

Turn now to the receiver architecture with phase-only con-
trollable analog combiner presented in Fig. 1(b). As the coeffi-
cients of matrices {W, = A Dq} ~_, can no longer be freely
manipulated, the proposed 2DIF algonthm might not be im-
plementable in these scenarios. To address this problem, a TS-
2DIF algorithm is proposed in this section.

A. Overview of TS-2DIF Observation Matrix Design

Recall that the phase-only controllable structure in Fig. 1(b)
requires to express the hybrid combiner as W, = A;D,. Each
element of the analog combiner A is restricted by the mod-
ulus constraint |A (nr,mer)| = f for np € {1,---,Ng}
and n,¢ € {1,--- , Nrp}. This poses a structural constraint on
the feasible set of W, destroying its eigenvector structure,
thereby making the 2DIF algorithm inapplicable. Therefore, it
becomes necessary to redesign a new set of observation ma-
trices {vq}qQ:1 and {W, = Aqu}qQ:1 tailored for the phase-
only controllable architecture.

For this purpose, we propose a TS-2DIF algorithm as summa-
rized in Algorithm 3, which consists of two stages. In the first
stage, Algorithm 1 is carried out to obtain the ideal observation
matrix XIF = (vIF)* @ W for Vg, where the superscript “TF”
is used to indicate the observation matrices generated by the
2DIF algorithm. Subsequently, the second stage aims to make
the newly designed observation matrix X, =v; ® (A,D,)
sufficiently close to the ideal observation matrix XIF To this
end, the joint optimization of {vq}q , and {A, Dq}q | are
formulated as:

min_ [ X = v @ (AgDy)lI%, (29)
st. |[vg|*>=P, (29a)
1
|A¢1| = F]-NRXNRFv (29b)
R

where 1y, xnNgyp 1S an Nr-by-Ngry all-one matrix. By solv-
ing problem (29), the newly designed observation matrices
{X, } q—1 are expected to achieve a comparable channel esti-

mation performance with {XIF}

B. Joint Optimization of Precoders and Hybrid Combiners

It is intricate to directly solve problem (29) owing to the
non-convex modulus constraint in (29b) as well as the coupled
relationship of v, Ay, and Dy, in the objective (29). To over-
come these challenges, we exploit the alternating minimization
method to iteratively update A, and D, and v, until an conver-
gence condition triggers. The detailed optimization procedures
are elaborated one by one as follows.

1) Fix Ay and v, and Optimize D,: For ease of discus-
sion, we denote vy = [v4(1),v4(2), -+ ,vy(Nr)]T and define
X1IF, € CNrxNrr a5 the n-th block component of X[F' such
that XIF [(XT)T, (X)), (X}fNT) 7. Then when
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Algorithm 3 TS-2DIF Based Combiner and Precoder Design
Input: Number of pilots @, kernel Xy,.
Output: De51gned precoders {voPt}Q 1 and hybrid combiners
{AZP)L, and {DgP}L
Stage 1 ( Optimal observanon matrix design)
1: Obtain the ideal precoders {VIF} ~_, and overall combiners
{W}IF}q: from Algorithm 1
2: Get the ideal observation matrix X;* = (vi)* @
allge{l,---,Q}
Stage 2 (Joint hybrid combiner and precoder design)

W for

3: forg=1,---,Q do

4: while no convergence of || X} — v © (A,D,)|/7% do
5: Update the digital combiner D, by (31)

6: Update the analog combiner A, by (36)

7: Update the precoder v, by (38)

8:  end while

9: end for

10: return Designed precoders {vq}qQ:1 and hybrid combiners
{Aq}qQ=1 and {Dq}qQ=1 for channel estimation.

keeping the combiner A, and the precoder v, fixed, the sub-
problem for optimizing D, is expressed as

mlnz ||X

Problem (30) is a standard quadradic programming (QP), which
can be optimally solved by making the gradient of objective
function to zero, i.e.,

Nt -
DOVt = (Z vq(n)2Aqu) (Z vg(n) A X )

n=1

@ § ()
%) q H
B Z P (Aq A )
n=1

where (a) holds because [|v, |2 = SN v, (n)[2 = P.

2) Fix D4 and v, and Optimize A ,: We then fix the digital
combiner D, and precoder v,, and seeks an analog combiner
that optimizes the following sub-problem:

(n)AgDy[3- (30)

AHXIF

q,n?

(€29

Nt
> I — ADygv(m) (32)
n=1
1
s.t. ‘Aq‘ = W]'NRXNR.F‘ (3221)
R

Directly optimizing problem (32) is challenging owing to the
constant modulus constraint (32a) and the product of A, and
D,,. To address this issue, we notice that the objective function
has the an upper bound due to the Cauchy-Schwarz inequality,

Nt

D IXE, — ADg;(n)|7

n=1

<Z 1Xgm Dyt = Aguy ()] Dq % (33)
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In (33), the analog combiner A, has escaped from the product
form with D, which can significantly simplify the optimization
problem. Taking this 1nto account, we replace the original ob-
jective function with Z HXIF D! — Agvi(n)||%. Then,
by defining J, ,, = Xq ,LDq , the new objectlve function can
be further simplified as

Nt
D 3gm = Agup ()3
n=1

N

=Cut Y (1A lg(mf? = 2Tx (R (v ()32, A0) )
n=1

=C1 + NgrpP — 2Tr (&a {JHAq}) 7 .

where C1 =307 [ Jqullf and J:= 3207, 0y(n)Jgn. By
combining (33) and (34), the new optimization problem is for-
mulated as

max Tr (R{I"A,}), (35)
‘AqlzﬁlNRxNRF
Evidently, the optimal solution of (35) is given by
1
opt -
Al = A O (743), (36)

which completes the update of A, in step 6 of Algorithm 3.

3) Fix Ay and D, and Optimize v,: With given combiner
matrices A, and D, the objective function in (29) for optimiz-
ing v, can be rewritten as

Z HXq n AQDQU;(W’)”%‘

= IIXE,FHF + 4D [l = 2R{eg' v}, (37
where ¢, =[Tr{(XI5,) A, Dy}, -, Tr{ (XIFy, J1A,D, 1.
By further considering the power constraint in (29a), the opti-
mal voP' is given as*

vePt =+/Pey/|lcy]. (38)

q

This completes the update of v, in step 7 of Algorithm 3.

To summarize, Stage 2 of Algorithm 3 alternatively updates
D,, A,, and v, using (31), (36), and (38) until convergence.
After obtaining the hybrid combiners and precoders for pilot
transmission, the channel estimator (7) can be utilized to re-
cover wireless channel matrices.

V. COMPUTATIONAL COMPLEXITY ANALYSIS AND
KERNEL SELECTION

In this section, the computational complexities of the pro-
posed algorithms are analyzed. Then, the kernel selection for
the proposed channel estimator is discussed.

4This work assumes the digital precoder v because it is technically feasible
and commercially relevant for user equipment. In the analog precoding case,
(38) should be modified as viP* = \/P/N exp (jZcq). In the hybrid
precoding case, as proved in [49], vector v0pt in (38) can be perfectly realized
by the hybrid precoder with at least 2 RF chains.

807

A. Computational Complexity Analysis

Consider Algorithm 1 at first. The EVDs for X7
and g require O (Nj+ N3) FLOPS. The update
of eigenvalues requires O (QNgrr) FLOPS in total.
In Algorithm 2, the linear search requires the sort
operations with the complexity of O (NtNglog,(Nr)).
and calculating the objective requires O (NtNgr)
FLOPS. Thus, the overall complexity of Algorithm 1 is
O (N3 4+ N3 + NpNglogy(Nr) + (Q + Nt) Nrp).  The
computational complexity of Algorithm 3 is dominated
by the alternating optimizations of Dy, A, and v,. In
particular, their computations require O(Q(N3pNr + Nip)),
O(Q(N}%FNR + NI3{F + NTNRN1:2{F>)» and O(QNTNRN%{F)
FLOPS, respectively. Assuming that the number of iterations
is I,, the overall computational complexity of Algorithm 3 is
O (L.Q (Nip + NrNeNgp)).-

It is worth noting that, Algorithms 1~3 only rely on the
given kernel 3y, instead of the instantaneous channels or re-
ceived pilots, thus they do not need to be implemented in
real time. Since the channel covariance does not change so
frequently, the designed observation matrices can be deployed
online for channel estimation for a long time. Thereby, from the
long-term perspective, the computational complexity of online
deploying the proposed channel estimator is not dominated by
the observation matrix design. This advantage allows the pro-
posed 2DIF to achieve lower computational complexity com-
pared with the existing channel estimators [50], [51]. Besides,
since the proposed algorithms only aim to design precoders and
combiners, they can naturally share the same running process
as the current 5G new radio (NR) systems.

B. Kernel Selection

Selecting an appropriate covariance matrix, i.e., kernel 3,
is crucial for constructing a robust estimator. The kernel ¥
dictates the shape and adaptability of the estimator, thereby
influencing its performances to detect functional trends and pro-
vide precise predictions. Given the localized-correlation char-
acteristic of MIMO channels, the ideal kernel should enhance
the similarity between adjacent antennas while diminishing its
impact as the distance increases. In this section, three kinds of
kernels are recommended.

1) Statistical Kernel: Given the kernel’s role as the prior
covariance of channel h = vec(H), the optimal strategy is to
utilize the actual covariance for channel estimation, i.e., X, =
E (vec(H)vec(H)™). Prior to deploying the proposed estimator
online, it is feasible to train an approximation of ¥, in advance
by leveraging some existing channel models or channel datasets
[44], [45], [46], [47]. Concretely, according to the law of large
numbers, 3, can be trained by

E VeC

where R is the number of channel realizations and H.,. is the r-th
channel realization used for kernel training. As for the covari-
ance matrices X1 and YR that characterize the transmitter-side

yvec(H,)H, (39
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and receive-side channel covariance, respectively, they can be
obtained by Xt = RN Zr 1 ZNR HT (n,:)H} (n,:) and
Sk = ke XL YN H, (n) HE ().

2) Artificial Kernels: In practical scenarios where obtaining
an explicit channel model or channel dataset is challenging, it
is preferred to train an artificial kernel to replace Xy, [52]. For
simplicity, we assume that the uniform linear arrays (ULAs)
are deployed at both the BS and the user, while it can be easily
extended to the UPA case. The consistency between the artificial
kernels and the statistical kernel is that both of them assign
higher similarity to nearby antennas and decrease influence with
distance. Given array parameters, the mutual coupling matrices
C,«x and Ci, can be calculated or measured. Thus here we
focus on characterizing the spatial correlations R,x and Ry,
two artificial kernels are recommended [53]:

i) Laplace kernel: The Laplace kernel Xy, is
the most popular choice in Bayesian estimation.
. T
Let nT:[—NT;l,—NT273,~- ,NT 1] and
T
ng = [ NR2 ! NR2 3. ,NR2*1 Then, the Laplace

kernels, which respectlvely characterize the spatial correlations
at the user and the BS, can be modeled as

2d2 T T ©2
Rpa.r=exp | —n pllm ®np —np ® Ly, | . (40)

2d2 T T ©2
Rr.r =exp [ —n FllNR<§<>nR—nR<g>1NR| . (41

where 7 > 0 is an adjustable hyperparameter; and Z©? denotes
the element-wise product of two matrices Z Thus, the over-
all kernel can be written as Xy, = ((Ctlf) Ria T(Cl/Q) )®

1/2 1/2\H
(Crx Brar(Cr?) ).

ii) Bessel kernel: By exploiting the inherent periodic property
of Bessel functions, the Bessel kernel, denoted as g, is well-
suited for recovering data with oscillatory patterns. The Bessel
kernels, which respectively characterizes the spatial correla-
tions at the user and the BS, can be modeled as

d
Rge.r = Jo (n/\ 1%, ®nr —nf ®@ 1y, |) . (42

d
Rger = Jo (nA 13, ®ng —nf ®@ 1y, |) . 43

where Jj is the zero-order Bessel function of the first kind
andn>0isa h¥perparameter The overall kernel is ertten as

S = (CH?) Ruer(CH)) @ (CH*Epen(CH)).

The hyperparameter 7 plays a pivotal role in closely mirror-
ing the real channel covariance, whose value can be determined
by a maximum likelihood (ML) estimator. We assume that R

channel realizations are utilized to train a kernel X, where X
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can be either ¥, or 3. Then, the estimation of 7 is written
as

i = arg max ) Z In (P (y,|n)) (44)
wherein the likelihood function is given by
exp (—yTH (XIZX, + Er)_lyr)
Py = v xiex, v g,) 0 @
in which y, = X' h, + z, € CONrr denotes the received pilot

associated with the r-th channel realization h,. for kernel train-
ing; X, is obtained based on the randomly generated precoders
and combiners; and =, is the covariance of AWGN z,.. One-
dimensional search method is adopted to obtain 7°Pt.

3) Adaptive Kernel: In cases where the statistical kernel is un-
available and the artificial kernels are inaccurate, we introduce
a novel adaptive kernel training strategy. It uses channels esti-
mated by the 2DIF algorithm to adaptively update the channel
kernel for implementing 2DIF. The method smoothly integrates
the kernel training and channel estimation stages, eliminating
the additional time period required for estimating the covariance
matrix.

Consider T’y consecutive frames, where the inter-frame chan-
nels Hy, € CNrxN7 iy € 1,2, , Ty} arei.id distributed,
following vec(H;,) ~CN (0, X1 ® XR). Our strategy itera-
tively estimates the channels H, , and updates the kernels ﬁ(tf )
and E( 7) , targeting at gradually improving the accuracy of
Hff and converging E(ff) ® E(ff) to the real kernel X1 @ Xg.
To be specific, at frame s, the channel H;, is estimated by
2DIF using the kernel igff_l) ® ﬁgf_l)
I~ty —1:

trained during frames

t;—1) 2DIF

RS I 2 H,,. (47)

Then, we accumulate the information of the newly estimated
channel H,, to update the kernels 33\//) and 37 as

& (t -1 N 3

2(Tf) _ tftf 2(T + i PO HT (n,)Hj, (n,:)
A (1, 1 -1 &
Eg%f):tftf (s >+thTZ VH Gon)HE (G n).

(48)

As a result, the proposed adaptive kernel training strategy pro-
ceeds as in (46), Shown at the bottom of the ?age To trlgger
the working flow in (46), the initial kernels E 9 and E(O)

set as identity matrices: E(T) =1y, and 252) =1In,.

The proposed adaptive kernel learning method exhibits two
key advantages. Firstly, as the initial kernels are identity matri-
ces, the proposed method requires no prior information about
the real kernels, making it applicable to general and practical
communication systems. Secondly, the proposed method allows

SIONCD SIS ¢ Rt TOREP I At

W52 g5

(2) 2DIF  2DIF o ( 8) 2(Tf) ® E(Tf)

s (46)

frame 1

frame 2

frame T
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the coexistence of channel estimation and kernel training within
one frame, as it leverages the channels estimated by 2DIF itself
to train the kernel. This integration eliminates the additional
time period required for kernel learning, greatly simplifying
the frame structure and protocol of 2DIF in practical systems.
Besides, it is worth noting that, the Kronecker structure in
Lemma 1 should be viewed as a design and approximation
tool rather than a strict requirement. For some non-separable
channel models such as [54], the proposed schemes can hold
effectiveness by adopting the kernel selection methods provided
in this subsection.

VI. SIMULATION RESULTS

In this section, simulations are carried out to verify the
effectiveness of the proposed 2DIF based channel estimation
schemes.

A. Simulation Setup and Baselines

We consider a single-user MIMO system, where ULAs are
equipped on both the BS and the user. The general correlated
Rayleigh-fading channel model in (3) is considered to generate
H. In specific, the carrier frequency is set to 3.5 GHz. Follow-
ing the setup in [41], the elements of the spatial correlation
matrices R, are calculated via (4), and the spatial correla-
tion matrices Ry is obtained from the similar process. As a
typical example to analyze antenna coupling effect [40], here
we consider the dipole antennas with A/2 length and A\/100
width for both transceivers. The antenna spacing is set to be
/8. In this context, the spatial-scattering function f, (¢, 8) for
the BS and that for the user fix(p, 0) are given by fix(¢,0) =
fix(,0) = L57 cos?(6) [43]. Given these array parameters, the
mutual coupling matrices C, and Cyy are calculated using
Matlab Antenna Toolbox [40]. Otherwise specifically specified,
the numbers of transceiver antennas and RF chains are set as:
Nt =4, Ng =64, and Nrp = 4, respectively. The signal-to-
noise ratio (SNR) is defined as SNR = L E(||h||?), whose de-
fault value is set to 10 dB. The evaluation criterion of estimation
accuracy is the normalized mean square error (NMSE), which
is expressed as NMSE = E (”I“l;ﬁlzlﬁ ) The number of channel
realizations for kernel training is set to R = 100. The default
value of pilot length is set to () = 48.

To verify the effectiveness of the proposed 2DIF based chan-
nel estimator and TS-2DIF based channel estimator, the follow-
ing seven schemes are simulated for comparison:

e LS: The LS channel estimator is feasible only when ob-
servation dimension is no less than the channel dimen-
sion, i.e., Q Ngrr > N1 Ng. To realize this, we assume the
pilot length is @ = [Ny Ng/Ngrr]| = 64, and all combin-
ers/precoders are generated by discrete Fourier transform
(DFT) matrices.

e MMSE: Under the same setting of LS estimator, the clas-
sic MMSE estimator with DFT observation matrices is
implemented to recover channel H via (7).

e AMP: Utilizing the channel sparsity in angular domain,
the approximate message passing (AMP) method proposed
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—p—1LS
AMP
—&— MMSE
—&—IF scheme
Proposed TS-2DIF
—6— Proposed 2DIF
- -+ - -Ideal water-filling

NMSE [dB]

SNR [dB]

Fig. 3. The NMSE as a function of SNR for different schemes.

in [28] is implemented to estimate channel H. The com-
biners and precoders are randomly generated from Gaus-
sian random measurement matrices.

e IF scheme: By viewing the considered MIMO system
as Nt independent SIMO systems, the IF-based channel
estimator [36] can be utilized to recover H in a column-by-
column way. Note that, since IF scheme is only applicable
to the single-RF-chain case, the pilot length used should be
modified as [Q Ny | = 192 to ensure that it has the same
number of observations with the 2DIF.

e Proposed 2DIF: The proposed 2DIF method in Algo-
rithm 1 is employed to design the precoders and combin-
ers of MIMO system in Fig. 1(a). Based on these designed
observation matrices/vectors, the MMSE estimator in (7)
is employed to estimate channel H.

e Proposed TS-2DIF: The proposed TS-2DIF method in
Algorithm 3 is employed to design the precoders and
combiners of MIMO system in Fig. 1(b). The MMSE
estimator in (7) is employed to recover channel H.

e Ideal water-filling: To provide a fundamental perfor-
mance limit, the ideal (but may not be practically achiev-
able) observation matrices {Xq}fz1 are directly obtained
by solving (26) via water-filling method. Then, (7) is em-
ployed to recover channel H.

B. Estimation Accuracy Under Statistical Kernel

In this subsection, we consider the ideal case when the
statistical kernel Xy, := E(hh*’) can be trained thanks to the
known channel models or datasets. Then, 3y, is employed for
all required estimators for the channel recovery.

Firstly, we plot the NMSE as a function of SNR in Fig. 3. One
can observe that, thanks to the carefully designed observation
matrices/vectors, the proposed 2DIF and TS-2DIF schemes
remarkably outperform the benchmark schemes in estimation
accuracy. The reason is that the proposed methods fully exploit
the spatial correlations among the transceiver antennas for chan-
nel estimation. In particular, the NMSEs for the proposed 2DIF
and TS-2DIF schemes are about 5 dB lower than that for the
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Fig. 4. The NMSE as a function of pilot length () for different schemes.

IF scheme. It is because the IF schemes realizes the MIMO
channel estimation by viewing it as Nt independent SIMO
channel estimations, which ignores the spatial correlation of
transmitter antennas. Besides, we note that the proposed 2DIF
scheme achieves very similar performance to the ideal water-
filling scheme. This phenomenon implies that the practical pilot
allocation can behave almost the same as the theoretically-
optimal “continuous” pilot allocation.

Then, the NMSE versus the number of pilots () is provided
in Fig. 4. One can find that the superiority of the proposed
schemes still holds. Although the dimension of the estimated
parameters is high as Nt Ng = 256, using a small number of
pilots @@ = 20, the NMSEs for the proposed schemes can be
lower than —20 dB. In contrast, even if the pilot length is
longer than @) = 60, the conventional AMP estimator is still
unable to achieve such high accuracy. It indicates that utilizing
the correlation of compact antennas is of great significance
for high-accuracy channel estimation. In addition, observing
Figs. 3 and 4, one can conclude that the TS-2DIF scheme can
achieve almost the same estimation accuracy as the 2DIF. This
indicates that, from the perspective of CSI acquisition, both
hybrid MIMO structures in Fig. 1 have no obvious performance
gap.

To observe the impact of spatial correlations on the estima-
tion accuracy, we plot the NMSE as a function of the normalized
antenna spacing d/\ in Fig. 5. One can observe that, as the
antenna spacing decreases, the estimation accuracy of the pro-
posed schemes becomes higher. It is because a smaller antenna
spacing leads to stronger spatial correlations, which can provide
more prior knowledge for Bayesian estimators. In this case, the
more informative kernel allows the proposed schemes to realize
more accurate channel estimation. As the antenna spacing in-
creases, due to the reduced channel correlation, the proposed
schemes gradually converge to the classical MMSE scheme.
However, even if the antenna spacing is /2, the proposed 2DIF
and TS-2DIF methods can still hold the superiority. This fact
indicates that, for a conventional massive MIMO system, as
long as its channels are not i.i.d. Rayleigh-fading (otherwise
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Fig. 5. The NMSE as a function of the normalized antenna spacing d/\
for different schemes.

0 T
Proposed TS-2DIF
—o&— Proposed 2DIF

'52 :r - -+--Ideal water-filling
)
=
s -
)
=
Z

.30 ‘ ‘ ‘ ‘
-5 0 5 10 15
SNR [dB]
Fig. 6. The NMSE as a function of SNR for different kernels.

3nh = Inyng), the non-diagonal kernel 3}, with some struc-
tural properties can still contribute to the improvement of the
estimation accuracy.

C. Estimation Accuracy Under Artificial Kernels

In practical scenarios where obtaining an explicit channel
model or channel dataset is challenging, it is preferred to use an
artificial kernel for channel estimation, as discussed in Subsec-
tion V-B. In this subsection, two popular artificial kernels, i.e.,
Laplace kernel X1,, and Bessel kernel ¥, are compared with
the ideal statistical kernel 3y,. We plot the NMSE as a function
of the SNR in Fig. 6 and the NMSE as a function of the pilot
length @ in Fig. 7, respectively.

One can observe that, for each type of kernel, the three
proposed schemes exhibit very similar trends in estimation
accuracy. This implies that our proposed estimators have the
similar robustness for different kernels in channel estimation.
Compared to the ideal kernel, the performance losses for both
artificial kernels are acceptable. For examples, when SNR = 10
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Fig. 8. The NMSE performance of the adaptive kernel training strategy.

dB, the NMSEs for Laplace kernel, Bessel kernel, and statistical
kernel are about -18 dB, -20 dB, and -24 dB, respectively. When
the pilot length is Q = 19, the NMSEs for these three kernels
are about -15 dB, -17 dB, and -21 dB, respectively. We can
conclude that, even if the real covariance (statistical kernel) is
unknown, the proposed channel estimator can still hold their
performance advantages by training artificial kernels. This fact
encourages the potential applications of the proposed schemes
in practice.

D. Estimation Accuracy Under Adaptive Kernel Training

We now evaluate the performance of the proposed adaptive
kernel training strategy. Fig. 8 illustrates the NMSE of the
estimated channel H;, by 2DIF, accompanied by the NMSE of

learned kernel ngf ) ® ﬁ]gf ) by adaptive training. The frame
index ¢y increases from O to 1000. The other settings are as
follows: Ny =4, Np =64, d= %, Q =48, SNR=15 dB. It
is observed that, as the frame index increases, the proposed
2DIF algorithm and adaptive kernel training method achieve
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a mutual beneficial relationship. The newly estimated channels
continuously improve the fidelity of learned kernels, while a
more accurate kernel further decreases channel estimation error
in future frames. Particularly, the NMSE of channel estimation
rapidly declines below -20 dB after 16 frames of kernel training
and closely approaches that achieved by the perfect kernel after
400 frames. Moreover, as the channel covariance matrix almost
remains unchanged over time, we can keep using the learned
kernel after adaptive training to achieve a near-optimal channel
estimation performance (see frames 500~ 1000). This fact val-
idates the feasibility and superiority of the proposed designs in
practical situations where no prior information about the kernel
is available.

VII. CONCLUSION

By fully exploiting the channel correlations among antennas,
this work has proposed a generalized channel estimation frame-
work for densifying MIMO systems, focusing on the design of
observation matrices. By maximizing the MI between channels
and received pilots, the 2DIF method has been proposed to
design observation matrices through jointly optimizing the pre-
coders and combiners. Subsequently, the TS-2DIF method has
been proposed to extend the applicability of our framework to
the typical hybrid MIMO whose analog combiner is phase-only
controllable. Simulation results have validated the superiority of
our proposed channel estimation schemes.

APPENDIX A
PROOF OF LEMMA 1

Given the channel model in (3) and h = vec (H), the vector-
ized channel can be rewritten as

h = vee (CH2RY/*HuaRy/*Cll%)
T
= ((Rtl)sztlf) ® (C}){QR})?)) vec (Hiq),  (49)

where the second equation holds since vec(ABC)=
(CT ® A) vec (B). Then, the covariance of channel h can
be derived as (52) at the bottom of the next page, where
(a) holds since E (vec (Hjia) (vec (Hiid))H> =IngNgs (D)
holds due to the commutative law of Kronecker product

(A®B)(C®D)=(AC)® (BD); and (c¢) holds by
defining
T *
== () Ri(C) (50)
H
Sk = CY*Ru (CH?) . (51)

One can find that, the matrix X only depends on the spatial
correlation matrix Ry and the mutual coupling matrix Ci, at
the user, while the matrix X is only associated with the spatial
correlation matrix R, and the mutual coupling matrix C, at
the BS. Thus, X1 and X can be viewed as the kernels that
characterize the correlation among the transmitter antennas and

Authorized licensed use limited to: LNM Institute of Information Technology. Downloaded on June 28,2026 at 08:07:53 UTC from IEEE Xplore. Restrictions apply.



812

that among the receiver antennas, respectively. This completes
the proof.

APPENDIX B
PROOF OF LEMMA 2

Using some matrix techniques, the MI I(y;h) can be
rewritten as equation (53), shown at the bottom of the page,
where (a) holds since det (I + AB) =det (I + BA) and E =
o?blkdiag (W Wy, - - ,WgWQ); (b) holds according to
the property that (a ® B) C (a” ® D) = (aa’) @ (BCD) if
all dimensions meet the requirements of matrix multiplications.
To find more insights, we perform singular value decomposi-
tion (SVD) on all {Wq}qQ:1 and then substitute all decompo-
sition formulas W, =TI, Q, Y/ into (53). It is evident that
W, (WHEW,)™'"WH = TI,IT¥, thus the MI I(y;h) can be
rewritten as

I(y;h)

(2

= 10g2 det (INRNT +

Q
> (i) @ <nqn3;f>)zh> |
- (54)

Observing (54), one can find that the MI I(y;h) in (9) only
relies on the orthogonal matrix IT, € CV*"rF decomposed
from W, for all ¢ € {1,--- ,Q}, while it does not depend on
any £, or Y. It indicates that imposing W, = II, does not
change the value of I(y;h). As a result, the orthogonality con-
straint W' W, = II'TI, = Igp can be safely introduced into
the problem formulation regarding I(y;h), which completes
the proof.
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APPENDIX C
PROOF OF MI INCREMENT I(y;41;h) — I(¥:; h)

Using some matrix partition operations, the MI I(¥:41;h)
can be rewritten as

_ (a) 1 on %
I(Ft+1;h) = logy det (INRFQ + th+12hxt+1)
Inpet + = Xt Xy XIS X ]
Inge + 22 X4 ZnXiga
LXISn X4 }
1 xH
INRF + Fxt+12tXt+1

(55)

=logy det |: _
LX 5L X,

®) Inget + 22 X4 Ep Xy

= log, det

ONRFXNRFt
— 1
— ](yt; h) + log2 det (INRF + ng_lztxt_i_l) s

where (a) holds since according to Lemma 2 and (b) holds by
performing matrix triangularization. In particular, 3, is given
by B =3n— S X (XISLX, + 02Tny) XS,
which completes the proof.

APPENDIX D
PROOF OF LEMMA 3

The key idea of the proof is to rewrite the X;-related terms
in (18) as X, X; = Xy, [Xt—1, Xt} and
XE X X EhX,
Xy X, XEZX, |-

Then, using the Schur’s matrix ilnversion formula to expand the
term (X{{Ehf{t + aZINRFt)_ in (18), the following recur-
sion formula of can be obtained:

S =2 — B X (X 2 X1 + 0% Ing,)

XE»p X, = (57)

Xt-i—lztv

(58)

S, = E (hhf) = E <<(R§,{QC§,{2)T ® (C§§2R3,{2)> vec (Hia) (vec (Hiq)) <(R§£QC§,{2)* ® (C$§2R3§2> H))

@ ((riPeil) o (cxmie)) ((ri) s

9 ((c) ma(cif?) ) o (xma(c)”)

=31 ® ¥R

(cemy2)”)

(52)

1(yih) 2 log, det (INRNT

+ % (Vi@ Wy, v ® W] blkdiag((wf’wl)‘l,-.. 7(W5WQ)_1) Vi Wy, ,vé@WQ]H2h>

Q
1 .
© log, det (INRNT + 52 (vavi) @ (Wo(Wirw,) " wiT)) 2h> :
q=1

(33)

Nt Ngr

f(Virr, Wiga) @ log, det <INRF T2 Z Z Menrn (Vier @ Wii1) (ne @ bag) (g, @ b ) (v, ® Wt+1)>

nr=1nr=1
Nt Ngr

®) 1
= log, det <INRF + po)

nr=1nr=1

H _x |>xwwH H
E E , )‘t,nTmR|anTVt+1’ Wt+1b’ﬂRbnRWt+1> .

(56)
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When X, =VPU, (;,[1, -, Nrr|), we have ;X =
XH_ldiag ()\1 (Et) y ?)‘NRF (Et)) and Xg_lxtXH_l =
Pdiag (A1 (2¢),- -+, ANge (2¢)).  Thus, the following

equality holds:
A2 (%)
. =UAU? - X, . di A U Sl /A
t4+1 1A Uy t41 1ag<P)\1( ) + 02 )

)\?VRF(Et) XH
P)\NRF (Et) +0,2 t4+1*

(39)

A (Z0) xH
) PAngp (2e)F02) M1 =

0,---,0 )Ufl
——

Ngr N1 —Ngrp
and ¥, = U, A, UZ | the equality in (20) can be derived from
(59), which completes the proof.

Given that X1 diag(p {2 -

P} (S0)
' PAnpp (Z0)Fo2°

. P (3,
Utdlag<P)\1(12(t)+)o-2 g T

APPENDIX E
PROOF OF COROLLARY 1

According to Lemma 1 and equality (ABAH ) ®
(CDCH)=(A®C)(B®D) (A" @ CH), the kernel Xy
can be decomposed as

Yh= (UTATUTH) ® (UTATUTH)
=(Ur ® Ug) (Ar ® Ag) (Uf @ UY)

Up Eigenvalue matrix
Nt Nr

- Z Z anTﬂnR (anT ® bnR) (aVIL{T

nt=1nr=1

®bll), (60)

Based on (60), one can verify without difficulty that (21) is
exactly the eigenvalue decomposition of 3y,, which completes
the proof.

APPENDIX F
PROOF OF LEMMA 4

Nt
Given the new constraints vy € {\/ Paj‘LT} and
’ILT:1

Witk € {bnR}" _, forall ke {1,---, Ngp}, problem (19)

can be reorgamzed as

max Vii1, W
Ve W f (Vi t+1)
S.t. vy € {\FanT} R
nr= 1
Wt+1 k € {bnR}nR =1 ’Vk € {1’ U 7NRF}a
Wil k 7 Wil k', VK # K, (61)

where the objective function is given in (56), Shown at bottom
of the pervious page, in which (a) holds according to the
definition in (22) and (b) holds by utilizing the property to the
property that (A ® B) (C® D) = (AC) ® (BD). Note that,
the constraint w41 7 W41 4 for all k # k' in (61) ensures
the orthogonality of W, ;. Observing (61), one can find that
our goal becomes finding optimal indexes n and {ng, k}NRF
that maximize the MI increment f (vii1, Wiy1). Assuming
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that the optimal indexes are expressed by n9"" and {noRp;C R
the optimal precoder and the optimal combiner are
opt __ * opt __
Vil = VPal . and Wibh = [bnoR,ji b |62
respectively. Then, we have
all (Vopt )* _ )V P, nt= noTp (632)
n i+l 0, else,
T opt  IV;
bH Wopt — enR7 nRr € {/n’RJc kgf (63b)
R ONRF, else,

where e, denotes an Nrp-dimensional vector whose npg-th
entry is one and the other entries are zero. By substituting (63)
into (61), the optimal MI increment f (v;Y}, W¥}) can be
expressed by

opt opt
f (Vt+17 Wt+1)

t\H H t
= logy det {Inp, + QZ,\MOM” WP ) by b, WP

nR

P
= logs det <1NRF + jzdiag <At,n;m,n;%§ 2 At,n%*“anngF))
Nrr P)\ opt opt

which only relies on the eigenvalues of 3J;. In this context, the
problem becomes finding np and {ng, k}N RY that maximize
f (Vit1, Wei1), as formulated in (24). Th1s completes the
proof.

(64)
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